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The Fock construction used by Davies in his theory of quantum stochastic 
processes yields a semigroup of completely positive maps on the C*-algebra 
of the CCR. We show how such semigroups may be constructed using an 
arbitrary representation of the CCR and we investigate some of their properties. 
1. INTR~DUCTI~N 
A dynamical semigroup on a C*-algebra M is a semigroup { Tt : t > 0} of com- 
pletely positive linear maps of M into itself such that 
(i) T, = iM , 
(ii) T,(l) = 1 for all t > 0. 
Examples of such semigroups arise in quantum statistical mechanics. The above 
definition is due to Lindblad [6] who classified the generators of normal norm- 
continuous dynamical semigroups on hyperfinite factors on separable Hilbert 
spaces. In [5] we proved the existence of isometric and unitary dilations of such 
semigroups on the algebra of all bounded operators on a separable Hilbert space. 
Examples of weakly continuous dynamical semigroups which are not norm- 
continuous have been provided by Davies [2] using the Fock construction. In 
this paper we explore the possibility of using non-Fock representations of the 
CCR for this purpose. In the course of this we obtain results which may be of 
independent interest in that they clarify the special position occupied by the 
extremal universally invariant representations of the CCR introduced by Segal 
PI. 
In Section 2 we show how a linear mapping on a Hilbert space H can induce a 
completely positive map on the C*-algebra M generated by the Weyl operators 
over H, and we apply this construction to obtain dynamical semigroups on M. 
These semigroups include those obtained by Davies [2] in the Fock representa- 
tion of M, who used Fock space methods. In Section 3 we prove that the com- 
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pletely positive maps of Section 2 can determine contraction mappings on 
representation spaces of M of the kind used by Davies [2]. In Section 4 we prove 
an ergodic theorem concerning some dynamical semigroups obtained in Section 2.’ 
2. INDUCED MAPS ON THE CCR-ALGEBRA 
Let H be a complex Hilbert space; let 0 be the symplectic form on H x H 
given by the imaginary part of the inner product (., *) on H, and let w be the 
multiplier defined on H x H by 
4, k) = exp{& i a(h, K)}. 
A representation of the CCR over H is a map h w W(h) of H into the unitary 
group U(&$) on a Hilbert space &$ satisfying: (i) W(h) W(k) = w(h, k) W(h+k) 
for all h, K in H; (ii) the map t -+ W(th) of [w into U(#W) is strongly continuous. 
Let A, be the norm-closure of the linear span of the set (W(k): h E H}; then Aw 
is a C*-algebra. Slawny’s theorem [9] states that A, is independent of the 
representation Win the following sense: Let w’ be another representation of the 
CCR over H, and let A,, be the C*-algebra which it generates; then there is a 
unique *-isomorphism 01: Aw + A,# such that cr(W(h)) = W’(h) for all h in H. 
A representation W of the CCR over H is said to be X-cyclic if there exists a 
Hilbert space X and an isometry V: X + SW such that 
Xw = V{W(h) Vg : hcH, [ES}. (2.1) 
Let (W, V) be a X-cyclic representation of the CCR over H and define the map 
M: H-d(S) by 
M(h) = V*W(h)V. (2.2) 
Then &i is called the generating function of ( W, V), and it is easily checked that M 
has the following properties: (i) M(0) = 1; (ii) the kernel h, k F-+ M(k - 
K) w(h, K) is positive-definite; (iii) for each h, K in H the map t t+ M(h + tk’) of DB 
into g’(Z) is continuous in the weak operator topology. One of us [4] has shown 
that the converse holds: Every map M: H -+ B(Y) satisfying (i)-(iii) arises in 
this way; there is a representation W of the CCR over H and an isometry 
V: H -+ Z such that (2.1) and (2.2) hold. 
Remark. The concept of a X-cyclic representation generalizes the ordinary 
notion of a cyclic representation and reduces to it when Z? is @; then the map V 
is determined uniquely by a unit vector 9 and h t-+ (W(h) 52,Q) is called the 
generating functional. In this case the above characterization reduces to that of 
generating functionals of cyclic representations due to Araki [l] and Segal [7]. 
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Let A be a bounded linear operator on the Hilbert space Ii; a generating 
functional p on H is said to be A-positiwe if the following two conditions are 
satisfied: (i) p(Ah) $; 0 for all h in H, (ii) the kernel KA on H x H defined by 
is positive definite. 
THEOREM 1. Let W be a representation of the CCR over H, and let A, be the 
P-algebra which it generates. Let .4 be a bounded operator on H and let p be a 
generatingfunctional on H which is ,4-positice. Then there exists a unique completely 
positive linear map T: A, - A,+, such that 
for all h in H. 
Proof. Define a map AZ: H -+ S(Xw) by 
M(h) = WWMWclWll. 
Then M(0) = 1, and for all h, k in H we have 
h, k I+ M(h - k) w(h, h) = W(A(h - k)) w(Ah, Ah) K,(h, h) 
= W(Ak)* W(Ah) K,(h, h), 
(2.3) 
which is positive-definite since K,, is; furthermore, the continuity property (iii) 
of W ensures that t -+ M(h + th’) is continuous in the weak operator topology. 
Hence by [4] there is a X-cyclic representation w’ of the CCR over H and an 
isometry I/‘: X& -+ .%$ such that 
M(h) = V*W’(h)V. (2.4) 
Let A,, be the C*-algebra generated by w’. By Slawny’s theorem there exists a 
unique *-isomorphism a: Aw + Aw, such that, for all h in H, 
a(W(h)) = W’(h). (2.5) 
Let T: A W --f A, be the completely positive linear map defined for all a in A, by 
T(a) = V*a(a)V. (2.6) 
Then, by (2.3)-(2.5) we have 
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Remark. Equation (2.6) gives the minimal Stinespring decomposition [lo] 
of T. 
THEOREM 2. Let W be a representation of the CCR over H and let A, be the 
C*-algebra which it generates. Let (At : t 2 0} be a semigroup of bounded operators 
on H and let p be a generating functional which is At-positive for all t 2 0. Then 
there is a unique dynamical semigroup { Tt : t 3 0} on A, such that 
for all h in H. Furthermore, if t -+ At is weakly continuous and W is X-cyclic with 
generating junctional Mw then t + Tt is continuous for the weak operator topology if 
and only rf for each h, k in H, the junction t t+ M,(A,h f k)/p(A,h) is continuous 
for the weak operator topology. 
Proof. It follows directly from (2.7) that 
G,(Tt,WWN = Tt1(WW) & 
dAt,h) CL@) 
= W(AtPt2h) II(AtIAt,h) p(Atzh) 
and T,,( W(h)) = W(h), and that T,(l) f or all t > 0, so that t -+ Tt is a dynamical 
semigroup. Now suppose that (W, V) is a S-cyclic representation with isometry 
Y: % + A$, and generating function M, given by 
M,(h) = Y* W(h)V. 
Then, by density, it is enough to investigate the continuity of t I+ ( Tt( W(h)) 
W(f) VT, W(g) VT) f or all f, g, h in H and 77 in s?. But ( Tt( W(h)) W(j) VT, 
W( g> VT> = (+Wv(Ath + f - d 7, +/,GW Ah) 4% f + g) 4f, g>. Thus 
t t+ <T,(a) 5, 4) is continuous for all a in A, and all t in HW if and only if 
t F+ (M,(A,h + k) 7, q)/p(A,h) is continuous for each 7 in 3? and each pair 
h, k in H. 
3. MAPS INDUCED ON THE REPRESENTATION SPACE 
Let P(H), , n > 1, be the n-fold symmetric tensor product of H with itself 
endowed with the inner product 
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where the sum is over all permutations, and Sym is the symmetrization operator 
Then the Fock space P(H) over H is defined to be the Hilbert direct sum of the 
W), 7 
WO = 6 W% > 
n4 
where P(H), = C. Let A be a contraction on H, then we define r(A) on I’(H) 
to be the direct sum of the r(A), , where r(A), is given on P(H), by 
A @ ... @ A (n factors). 
For each vector h in H the coherent vector c(h) in I’(H) is the vector whose 
component c(h), in T(H), is given by 
am = e-nh’2’4(2n)-1’a(n!)-1’zh @ -a* @h. (3.1) 
Then 
{c(h), c(k)) = e-“h--k”e’4w(h, k) 
and the vacuum vector D is c(0). 
It can be shown that 
T(H) = V{c(h): h E H}. 
The Fock representation W, of the CCR over His defined by 
W,(h) c(k) = w(k, h) c(k + h). 
Then 
c(h) = W,(h)S 
and so Q is cyclic for W, . Th e corresponding generating functional pF is given by 
tLd4 = exd-4 II h II”). (3.2) 
We have, by (3.1) and (3.2), that 
r(A) 44 = b4W~@41 W4 
and in particular 
T(A) 52 = Q. 
Direct calculation gives for all h, k in H 
V(A*) c(k), 44) = <c(k), W)‘c(hD 
so that T(A)* = T(A*). 
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Furthermore, if p is invariant under A then 
r(A)* W(h) r(A) = W(AV2) 
for all Iz in H. We enquire if there is a generalization of I’(A) to an arbitrary cyclic 
representation of the CCR. 
THEOREM 3. Let (W, 52) be a cyclic representation of the CCR over H zuith 
generating functional pLw . Let A be a bounded operator on H such that t+ is A- 
positive. Then there exists a unique contraction P(A) on S$., such that 
WV W(h) Q = h4W4Ahll W(AhP (3.3) 
for all h in H. Furthermore P(A) Q = !2; and ‘f, z in addition, t.~ is invariant under 
A then 
P(A)* W(h)P(A) = W(A*h) 
for all h in H. 
Proof. Let T be the unique completely positive map on A, such that 
T( W(h)) = WA%4W~(A41~ 
Then we have for all a in A, 
II T(a) Q /I2 = <T(a) Q, T(a) Q) 
= (T(a)* T(a) 9, Q) 
d <T(a*a)ll W)ll Q, Q> 
by the Schwarz inequality for completely positive maps (see [l 11). But T( 1) = 1 
and for all h in H we have 
so that 11 T(a) Sz lj2 < (a*aSZSZ) = 1) a0 lj2. Thus the map aJ2 + T(a)Q is well- 
defined and extends by linearity and continuity to a unique contraction P(A) on 
&$ such that 
W) W(h) Q = C~w(h)l~w(Ah)l WAW’. 
The remaining assertions of the theorem are immediate consequences of this 
formula. 
Remark. The extremal universally invariant generating functional p,, (Segal 
[S]), defined for h > 1 by+pA = exp(- ih j/ h 112}, is A-positive if A is a contrac- 
tion on H. Thus, in the cyclic representation (W, J2) associated with II,, , r(rl) 
exists whenever A is a contraction. 
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THEOREM 4. Let (W, 52) be a cyclic representation of the CCR over H with 
generating functional pw . Let {A, : t 3 0} be a weakly continuous semigroup of 
bounded operators on H such that t.+ is At-positive for all t > 0 and 
t F+ t+(A,h + k)/t.+(A,h) is continuous for each pair h, k in H. Then 
{P(A,): t >, 0} is a strongly continuous semigroup of contractions on Xw . 
Proof. The semigroup property follows from (3.3). Since P(A,) is a contrac- 
tion 
jj r(A,) a0 - aQ ]I2 < 2(11 aQ jj2 - Re(aQ, T,(a)!&}. 
Then the condition that t t+ pLw(Ath $ k)/p,,,(A,h) be continuous implies, by 
Theorem 3, that t --f T,(a) is continuous in the weak operator topology. Hence 
II &%) aQ - aQ II -+ 0, 
as t ---f 0 for all a in A, . The result follows from the density of the aQ and the 
semigroup property. 
4. APPLICATIONS TO QUANTUM STOCHASTIC PROCESSES 
The constructions introduced by Davies [2], [3] can be used to produce 
dynamical semigroups. The constructions which used the Fock representation 
[2], or universally invariant states [3], can be simplified using the results of this 
paper. Here we prove an ergodic theorem which generalizes one of his results. 
We consider a dynamical semigroup {Tr : t > 0} constructed as in Theorem 2. 
Let e: T(Xw) ---f Aw* be the natural projection of the trace-class operators on 
ZW into the dual of A, ; then the adjoint semigroup Tt* acts as follows: 
<Tt*(eb)), W(h)) = tracW’@‘(W 
THEOREM 5. Let W be a representation of the CCR over H and’let Aw be the 
C*-algebra which it generates. Let {A t : t > 0) be a weakly continuous semigroup 
of bounded operators on H. Let TV be a generating functional which is A,-positive for 
all t >, 0 and let (Tr : t 3 0} be the associated dynamical semigroup whose action 
is given by (2.7). 
(i) Suppose that Wis cyclic with cyclic vector .Q and that p(h) = (W(h)Sr,Q> 
for all h in H. Then the state of A, determined by u is invariant under the adjoint 
semigroup { Tt * : t > O}. 
(ii) Suppose that W is X-cyclic with cyclic isometry V and that 
V*W(A,h + k)Irlp(A,h) ---f V*W(k)V for the weak operator topology as 
t ---t co. Then any state A, determined by a density operator converges in the weak-* 
topology to the state determined by p as t ---f 00 under the adjoint action T,*. 
376 EVANS AND LEWIS 
Proof. When p(h) = p&h) = (w(h) Q, Q) we have 
for all h in H. Thus the state of A, determined by p is invariant under T,*. Now 
let 
Since 
<T@‘(h)) Wf) 64 Yg> W> 
for all [, v of the form (4.1); by density, (4.2) holds for all 6,~ in tiw . Thus we 
have 
ik <Tt*(e(pN, @‘W> = p+? trace bT@W))) 
= l-44 
since trace p = 1. 
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